We propose theoretical methods to infer coupling strength and noise intensity simultaneously through an observation of spike timing in two well-synchronized noisy oscillators. A phase oscillator model is applied to derive formulae relating each of the parameters to some statistics from spiketime data. Using these formulae, each parameter is inferred from a specific set of statistics. We demonstrate the methods with the FitzHugh-Nagumo model as well as the phase model. Our methods do not require any external perturbation and thus are ready for application to various experimental systems.
, electro-chemical oscillators [5] , spin torque oscillators [6] [7] [8] [9] , crystal oscillators [10] , and nanomechanical oscillators [11] are found in many disciplines ranging from biology to engineering. Although these systems are subject to various types of noise, including thermal, quantum, and molecular noise, they can exhibit synchronization because of coupling between the oscillators. Thus, coupling and noise are crucial factors in the determination of multioscillator dynamics.
Since a noninvasive estimation is desired in many cases, it is important to develop methods to infer the coupling strength and noise intensity solely from temporal information on the oscillation. Such an attempt was made in an experiment with cultured cardiac myocytes beating spontaneously [1] . Therein, the transition from a desynchronized state to a synchronized state between two cells was observed within the incubation time. This suggests that coupling between the cells should increase. However, this naive expectation is not generally fulfilled, because synchronization is facilitated not only by increased coupling strength but also by decreased noise intensity [12] . From this, the coupling strengths in the two cases may seem similar. However, the values actually differ by a factor of two. Thus, an individual statistic derived from oscillation data can be misleading when attempting to infer coupling strength. The case of attempting to infer noise intensity is similar. Hence, in order to infer these properties, different types of statistics must be combined appropriately.
In this Letter, we propose two methods to infer coupling strength and noise intensity from data solely on the spike timing of two well-synchronized noisy oscillators. Method I requires spike timing data on only one of the oscillators, but we may infer the coupling strength as well as the noise intensity. Method II requires spike-time data on both oscillators but provides more precise inferences. We demonstrate our methods with a phase oscillator model and the FitzHugh-Nagumo model. An example of our inferences from the FitzHugh-Nagumo model is shown in Fig. 1(b) . There, the coefficient of variation in periods (1.9% to 4.4%) and the number of observed spikes (160,000) were comparable to those in the abovementioned experiment on cardiac cells [1] ; i.e., the demonstration in the figure is realistic. While many inference methods work effectively with data taken from unsychronized oscillators [13] [14] [15] , external perturbation [16] [17] [18] , or whole time series [13] [14] [15] , our methods do not require them.
Moreover, we do not need to assume function form. Therefore, our methods are ready for application to synchronized coupled oscillator systems in various fields. We introduce some statistical quantities based on the spike time data ( Fig. 1 (a) ). We assume that an oscillator spikes when its oscillatory variable passes a specific value. Let us denote the kth spike time of the oscillator by t (k) . In the case of the phase oscillator model,
is defined as the time at which a phase first passes through 2πk
where θ cp is called the checkpoint phase. The kth m-cycles period and its variance are defined as
where E[· · · ] denotes the statistical average over k and τ is the average period given by
. Note that in this Letter E[· · · ] denotes both the statistical average over k and the ensemble average, which are identical in the steady state. Note further that V m is calculated from the spike-time data of one oscillator. To quantify the relationship between two oscillators, the standard deviation of time lag between the spikes of the oscillators is defined as
where
is the kth spike time of the ith oscillator.
To derive an inference theory, we consider a pair of coupled phase oscillators subject to noise. When limit-cycle oscillators are weakly coupled to each other and subject to weak noise, the dynamics can be described by [12, 19] :
where θ i is the phase of oscillator i and κ ≥ 0 is the coupling strength. The independent and
The positive constant D represents the noise intensity. The phase sensitivity function Z(θ) is a 2π-periodic function that quantifies the phase response to noise. The 2π-periodic function J(x, y) describes the interaction between oscillators that leads to synchronization.
We assume that J(θ, θ) = 0, which is satisfied in systems with diffusive coupling between chemical oscillators or gap-junction coupling between cells. We focus on systems that are well synchronized in phase.
Our inference methods are based on the formula of period variability. In previous work [20] , the following expression for the variance V 1 was derived from the system in Eq. (4) by means of linear approximation:
where C 1 and C 2 are independent of θ cp and given by
The negative constant cκ corresponds to the average effective attractive force between the oscillators over one oscillation period. That is, c =
2 ] θ 1 =θcp represents the phase distance from in-phase synchronization, where θ 1 −θ 2 is the phase difference defined on the ring [−π, π). If x k is the value of x(t) when θ 1 first passes through 2πk + θ cp , then
and dependent on κ [20] .
Through a derivation similar to that of Eq. (5), we derive that V m is given by
where a ≡ 1 2 2π 0
Since a represents an average phase response to noise, the product aD represents the effective noise intensity [12] . Our purpose is now to infer aD and |c|κ, which are important values because they determine the strength of the phase diffusion and the time scale of the synchronization, respectively [12] .
Method I. We use only V 1 , V 2 , and V 3 for one of the oscillators. Combining Eq. (6) for m = 1, 2, 3, we can determine the three unknowns aD, cκ, and (d/ω)
2 . In particular, we
and |c|κ = log
Note that, as shown below, Eq. (8) states that a temporal correlation decays exponentially with spike times and the decay constant is given by the effective coupling strength |c|κ. We define the temporal correlation as
Recall that
When n is sufficiently large, i.e., n ≫ |m| and n ≫ |T
where m ≥ 1. Thus, the numerator and the denominator in Eq. (8) represent the correlations
Method II. We additionally use ζ, which is the standard deviation of the spike-time lags.
When D and κ are sufficiently small, we can assume thatθ i = ω + O(D, κ). Using this approximation, we can express V m as
where O(D, κ)ζ 2 is neglected. In terms of V 1 , V 2 , and ζ, the two unknowns aD and cκ are given by
and
Our formulae in Eqs. (7) , (8), (12), and (13) are independent of the checkpoint phase, while V m and ζ are not [20] .
We demonstrated the validity of the inference methods with numerical experiments. First, we again employed the phase oscillator model in Eq. (4). We assumed J(x, y) = z(x)[h(x) − h(y)], which represents gap-junction coupling or diffusive coupling [12, 19] . We set z(θ) = sin θ for 0 ≤ θ < π and z(θ) = 0 for π ≤ θ < 2π, with h(θ) = cos θ. The region satisfying z(θ) = 0 mimics the refractory stage that exists for many chemical and biological oscillators.
We set Z(θ) = 1 and ω = 2π. Under these assumptions, a = , and τ = 1. For ξ 1 (t) and ξ 2 (t) we assumed white Gaussian noise.
We prepared 16 parameter sets, each with a different combination of coupling strength and noise intensity given by κ = 0.25 · 2πn κ and D = 0.002 · (2π) 2 n D , where n κ , n D = 1, 2, 3, 4.
We integrated Eq. (4) using the Euler scheme with a time step of 5 × 10 −4 . The initial conditions were θ 1 (0) = θ 2 (0) = 0. In this simulation, we fixed the checkpoint phase at θ cp = π/2 and observed the spike timing for 10 2 ≤ t ≤ 10 6 . Three realizations were simulated for each parameter set. By using the V m of one oscillator, we obtained three pairs of inferred parameters. By using the V m of the other oscillator, we obtained three additional pairs. Thus, we have six pairs of inferred values for each parameter set.
The results of the simultaneous inferences of noise intensity and coupling strength with methods I and II are shown in Figs. 2(a) and 2(b), respectively. In Fig. 2(a) , the inferred values approximately reproduce the actual values even though only one oscillator was observed.
The error in the inference increases as the coupling strength is increased. In Fig. 2(b) , the inferences by method II are obviously an improvement on the results of method I. We emphasize that a naive use of the statistical values V m and ζ will not yield successful inferences of noise intensity and coupling strength. The correlation between V 1 and aD is shown in Fig. 3(a) , and that between 1/ζ and |c|κ is shown in Fig. 3(b) . We found that their correlation coefficients were 0.96 and 0.70, respectively. In contrast, the correlation coefficient between the actual and inferred noise intensities (coupling strengths) for method II was 0.99 (0.99), as shown in Fig. 3(c) ((d) ). This fact indicates that our methods are superior over the naive use of V m and ζ. In addition, the naive use provides only relative intensities, whereas our methods directly infer the absolute values of aD and |c|κ.
Next, we demonstrated the inference method for a more realistic system. Specifically, we employed the FitzHugh-Nagumo model, in which oscillator 1 is described bẏ
and oscillator 2 is described in a similar way. We set α = −0.1, β = 0.5, and ǫ = 0.01. Each ξ i (t) was the same as that in the inferences discussed above. This system shows limit-cycle oscillation with a period τ ≃ 126.5 when noise and coupling are absent.
The actual values of a and c for this system were obtained as follows: to calculate a, we numerically integrated the function Z representing the phase response to noise; and to calculate c, we observed the relaxation of the phase difference between two oscillators in a system with a fixed κ but without noise. The phase difference is expected to exponentially decrease by a factor of exp(cκ) each period. We adopted the value of |c|κ obtained from this relaxation as the effective coupling strength.
We prepared 16 parameter sets with D = 10 −4 n D and κ = 10 −2 n κ , where n D , n κ = 1, 2, 3, 4. We integrated Eq. (14) using the Euler scheme with a time step of 10 −3 . In this simulation, the checkpoint threshold was fixed at v cp = 0.6 and the kth spike time t (k) was defined as the time at which v first passes through v cp in the kth oscillation. We observed the spike timing for 2 × 10 3 ≤ t ≤ 2 × 10 7 . The observed number of oscillations was about 1.6 × 10 5 , corresponding to a day in the experiment on cardiac myocytes [1] . Three realizations were simulated for each parameter set. The causes of the inference error in the numerical demonstrations are summarized as follows: (i) Equations (6) and (11) were derived using linear approximation. As the noise is increased, these equations deviate from reality. The values inferred must be influenced by a complex combination of these error causes.
We discuss here the fact that the largest errors were found in the inferences for high coupling strengths. For large |c|κ, the terms of e 3cκ d 2 and e 2cκ ζ 2 are the smallest in Eqs. (6) and (11), respectively. The magnitude of these terms may be comparable to the errors mentioned above when coupling is sufficiently strong, because of which our inference methods becomes imprecise. One of the reasons that Method II achieved a more precise inference is that it avoids using e 3cκ d 2 .
Finally, we discuss the applicability of our methods. In the abovementioned experiment on cardiac cells [1] , the period variance was gradually decreased over about ten days of the culture. By assuming that this evolution is sufficiently slow, we can infer the coupling strength and noise intensity for each day with our methods. Hence, it is possible to estimate the growth process of a cell culture noninvasively.
This Letter has proposed theoretical methods to infer simultaneously the coupling strength and noise intensity from spike-time data alone. Although statistics including V m and ζ are dependent on both parameters, our method can distinguish between the effects of noise and coupling without an external perturbation. Therefore, our methods are ready for applications to real systems.
